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Abstract 

In this paper we study twisted conjugacy classes and isogredience classes for 
automorphisms of reductive linear algebraic groups. We show that reductive 
linear algebraic groups over some fields of zero characteristic possess the R^o 
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1 Introduction 

Let y : G —>■ G be an endomorphism of a gronp G. Then two elements x,y of G 
are said to be twisted y-conjngate, if there exists a third element z & G snch that 
X = zyip{z)~^. The eqnivalence classes are called the twisted conjngacy classes or 
the Reidemeister classes of y. The Reidemeister nnmber of y denoted by R{(p), 
is the nnmber of those twisted conjngacy classes of ip. This nnmber is either a 
positive integer or cxo and we do not distingnish different inhnite cardinal nnmbers. 
An inhnite gronp G has the i?oo-property if for every antomorphism y of G the 
Reidemeister nnmber of y is inhnite. 

The interest in twisted conjngacy relations has its origins, in particnlar, in the 
Nielsen-Reidemeister hxed point theory (see, e.g. [TIES]), in Arthnr- Selberg theory 
(see, eg. BSSj), in algebraic geometry (see, e.g. [28]), in Galois cohomology [H] 
and in the theory of linear algebraic gronps (see, e.g. Ell). In representation theory 
twisted conjngacy probably occnrs hrst in Gantmacher’s paper [20] (see, e.g [50l E]) 

The problem of determining which classes of discrete inhnite gronps have the- 
Roo property is an area of active research initiated by Fel’shtyn and Hill in 1994 
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j9]. Later, it was shown by various authors that the following groups have the Roo- 
property: non-elenientary Gromov hyperbolic groups O [38]; relatively hyperbolic 
groups n; Baumslag-Solitar groups BS{m,n) except for BS{1, 1) [I3], generalized 
Baumslag-Solitar groups, that is, finitely generated groups which act on a tree with 
all edge and vertex stabilizers infinite cyclic 133; the solvable generalization L of 
BS{l,n) given by the short exact sequence 1 —)■ Z[^] —)■ L —1, as well as 
any group quasi-isometric to L |52) : a wide class of saturated weakly branch groups 
(including the Grigorchuk group [23 and the Gupta-Sidki group [29]) [11], Thomp¬ 
son’s groups F P] and T mm; generalized Thompson’s groups o and their finite 
direct products [23]; Houghton’s groups [22] [31]; symplectic groups Sp(2n, Z), the 
mapping class groups Mods of a compact oriented surface S with genus g and p 
boundary components, 3g + p — 4 > 0, and the full braid groups Bn{S) on n > 3 
strands of a compact surface S in the cases where S is either the compact disk D, 
or the sphere S‘^ [H]; some classes of Artin groups of infinite type [33]; extensions 
of SL(n,Z), PSL(n,Z), GL(n,Z), PGL(n,Z), Sp(2n,Z), PSp(2n,Z), n > 1, by a 
countable abelian group, and normal subgroups of SL(n, Z), n > 2, not contained 
in the center [40j : GL{n,K) and SL{n,K) if n > 2 and K is an infinite integral 
domain with trivial group of automorphisms, or K is an integral domain, which has 
a zero characteristic and for which Aut(iP) is periodic [12]; irreducible lattices in a 
connected semisimple Lie group G with finite center and real rank at least 2 [41] : 
non-amenable, finitely generated residually finite groups [13 (this class gives a lot 
of new examples of groups with the i?oo-property); some metabelian groups of the 
form Q” XI Z and Z[l/p]” xi Z [T3]; lamplighter groups Z„ ? Z if and only if 2|?7, or 
3|n [23]; free nilpotent groups N^c of rank r = 2 and class c ^ 9 [26], N^c of rank 
r = 2 or r = 3 and class c > 4r, or rank r > 4 and class c > 2r, any group A^ 2 c for 
c > 4, every free solvable group S 2 t of rank 2 and class t > 2 (in particular the free 
metabelian group M 2 = S 22 of rank 2), any free solvable group Srt of rank r > 2 
and class t big enough [16]; some crystallographic groups mm- Recently, in [3] it 
was proven that Nrc, r > 1 has the i?oo-property if and only if c > 2r. 

Let 4/ belongs to Out(G) = Aut(G)/Inn(G). We consider an outer automor¬ 
phism 4/ G Out(G) as a collection of ordinary automorphisms a G Aut(G). We say 
that two automorphisms a, 6 G T are similar (or isogredient) if 6 = LphCi‘Ph^ for some 
h E G, where <Ph{g) = hgh~^ an inner automorphism induced by the element h (see 
|38jL Let 0(4/) be the set of isogredience classes of automorphisms representing 4/. 
Denote by S'(T) the cardinality of the set ©(T). A group G is called an S^o-group 
if for any 4/ the set ©(4/) is inhnite, i. e. S'(T) = 00 (see [T3]L 

In this paper we study the Roo and S'oo properties for linear algebraic groups. 
First results in this direction were obtained for some classes of Ghevalley groups by 
Nasybullov in ig. 

In Section 3 we extend the previous result from [13] and prove 
Theorem 2. Let G he a Ghevalley group of the type 4> over the field F of zero 
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characteristic. If the transcendence degree of F over Q is finite, then G possesses 
the Roo-property. 

The following main theorem is proved in Section 4. 

Theorem 3. Let F be such an algebraically closed field of zero characteristic that 
the transcendence degree of F overQ is finite. If the reductive linear algebraic group 
G over the field F has a nontrivial guotient group G/R{G), where R{G) is the radical 
of G, then G possesses the Roo-property. 

These theorems can not be generalized to groups over a field of non-zero char¬ 
acteristic. It follows from the following theorem of Steinberg |511 Theorem 10.1]. 
Theorem. Let G be a connected linear algebraic group and ip be an endomorphism 
of G onto G. If ip has a finite set of fixed points, then G = {xip{x~^) \ x G G}. 

We would like to point out that R. Steinberg IS] calls by an automorphism of a 
linear algebraic group a bijective endomorphism which is a morphism and its inverse 
is a morphism too. However, throughout the paper we understand an automorphism 
of a linear algebraic group as an automorphism of an abstract group, i. e. a bijective 
endomorphism of a group. 

Any semisimple linear algebraic group over an algebraically closed held of pos¬ 
itive characteristic possesses an automorphism ip with hnitely many hxed points 
(Frobenius morphism, see |T7l §3.2]), therefore, this group coincides with the set 
{xip{x~^) I X G G} = [e]^, hence R{ip) = 1 and such a group can not have the 
Roo-property. _ 

If Ti,T 2 , ... are algebraically independent over Q elements, then the helds Q, 
Q(Ti,..., Tfc) {k > 1) are algebraically closed helds of zero characteristic with hnite 
transcendence degree over Q. Then the reductive linear algebraic groups over these 
helds possess the i?oo-property. 

In the Section 5 we prove that an inhnite reductive linear algebraic group G 
over the held F of zero characteristic and hnite transcendence degree over Q which 
possesses an automorphism ip with a hnite Reidemeister number is a torus. 

In the Section 6 we prove the following 

Theorem 5. Let F be such an algebraically closed field of zero characteristic that 
the transcendence degree of F overQ is finite. If the reductive linear algebraic group 
G over the field F has a nontrivial guotient group G/R{G), then G possesses the 
Soo-pfoperty. 

Acknowledgment. The authors are grateful to Andrzej D§,browski, Evgenij 
Troitsky and Evgeny Vdovin for the numerous important discussions on linear al¬ 
gebraic groups. The hrst author would like to thank the Max Planck Institute for 
Mathematics(Bonn) for its kind support and hospitality while a part of this work 
was completed. 
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2 Preliminaries 


In this paragraph we recall some preliminary statements which are used in the 
paper. A lot of used results are thoroughly written in |13], the reader can use it as 
a background material. 

Symbols and Onxm mean the identity n x n matrix and the n x m matrix 
with zero entries, respectively. If A an n x n matrix and B an m x m matrix, 
then the symbol A (B B denotes the direct sum of the matrices A and B, i. e. the 
block-diagonal (m -|- n) x (m -|- n) matrix 


( ^ 

Onxm\ 

\Omxn 

B ) 


It is obvious that for a pair of n x n matrices Ai, A 2 and for a pair of m x m matrices 
Bi, B 2 we have (Ai © i?i)(A 2 © i? 2 ) = A 1 A 2 © B 1 B 2 , (Ai © Bi) ^ = A^ ^ © B^ 
Symbols G x H and G o H mean the direct product and the central product of 
the groups G and H, respectively. 

If g is an element of the group G, then ipg denotes an inner automorphism induced 
by the element g. The following lemma can be found in [TBl Corollary 2.5]. 

Lemma 1. Let ip he an automorphism of the group G and ipg be an inner automor¬ 
phism of the group G. Then R{ipipg) = R{(p). 

The next lemma is proved in [101 Lemma 2.1] 


Lemma 2. Let 


N ^G ^ A^l 


be an exact seguence of groups. Suppose that N is a characteristic subgroup of G 
and that A possesses the Roo-property, then G also possesses the Roo-property. 


Here we prove similar result for the S'oo-property. 


Lemma 3. Let 


N ^G ^ A^l 


be an exact seguence of groups. Suppose that N is a characteristic subgroup of G 
and that A possesses the S 00 -property, then G also possesses the S 00 -property. 


Proof. Let ip be an automorphism of the group G. Since is a characteristic 
subgroup of G then ip induces an automorphism Tp of the group A. Since the group 
A has the S'oo-property then there exists an infinite set of elements gi,g 2 ,... of the 
group A such that (Pgfp and ipg^^ are not isogredient for i ^ j. 
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Suppose that S'(</ 9 lnn(G)) < oo. Then there exists a pair of isogredient auto¬ 
morphisms in the set (pg^(p, ■ ■ ■ ■ Suppose that (pgi^p and (pg^(p are isogredient 

for i ^ j. Then for some element h G G we have 

ifg.if = ifhifg^ipiPh^. 

From this equality we have the following equality in the group Ant (A) 

but it contradicts to the choice of the elements 'g^,g 2 ,--- □ 

Let u he a map from the set of rational numbers Q to the set 2'^ of all subsets of 
the set of prime numbers vr, which acts on the irreducible fraction x = a/b hy the 
rule 


z/(x) = {all the prime devisors of a} U {all the prime devisors of b}. 

The proof of the following lemma is presented in |431 Lemma 5]. 

Lemma 4. Let F be a field of zero characteristic and xi,... ,Xk be elements of F 
which are algebraically independent over the field Q. Let Xk+i be such an element 
of F, that the elements xi,..., Xk+i are algebraically dependent over Q. Let 6 be an 
automorphism of the field F which acts on this elements by the rule 

5 : Xj !-)■ toUXi, i = 1,..., fc 1, 

where to,, tk+i G Q and ti,..., tk+i are not egual to 1. If v{ti) n v{tj) = 0 for 
i 7 ^ j, then Xk+i = 0 . 

Using this lemma we prove the following auxiliary statement. 

Lemma 5. Let F be such a field of zero characteristic, that the transcendence degree 
of F over Q is finite. If the automorphism 6 of the field F acts on the elements zi, 
Z 2 ,... of the field F by the rule 


S : Zi aaiZi, 

where a & F, 1 ai E Q F F and z/(aj) fl viafi = 0 for i j, then there are only 
a finite number of non-zero elements in the set zi,Z 2 ,.... 

Proof. If all the elements ^ 1 , 2 : 2 ,... are equal to zero then there is nothing 
to prove. Hence we can consider that there exists a non-zero element in the set 
zi, Z 2 ,... Without loosing of generality we can consider that 2:1 7 ^ 0 (Otherwise we 
can reenumerate the elements zi,Z 2 ,... and do the first element not to be equal to 
zero. If the statement holds for the reenumerated set, then it holds for the original 
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set zi,Z 2 ,.. Let us denote Ui = ZiZi ^ Then the automorphism 5 acts on the 
element yi by the rule 

5{yi) = 6{ziZi^) = 6{zi)6{zi^) = aaiZia~^a];^zi^ = aia];^ZiZi^ = a^a^^yi 

Since the transcendence degree of F over Q is finite, then there exists a maximal 
subset of algebraically independent over Q elements in the set y 2 ,y 3 , ■ ■ ■, i-e. there 
exists such a finite set yi^^yi^,..., yi^ of algebraically independent over Q elements, 
that the set yi^^yi^,..., yi^^yj is algebraically dependent over Q for every j. 

Without loosing of generality we can consider that the set 1 / 2 ,..., is a maximal 
subset of algebraically independent over Q elements in the set yi,y 2 ,--- 

li n > k is a positive integer, then the elements 2 / 2 , •• • lykiUn ^ F satisfy the 
conditions of the lemma 01 Therefore ?/„ = 0 for all n > A; and since = ZnZi^ 
then = 0 for all n > fc and the only non-zero elemets are zi^ Z 2 ^ ■ ■ ■ ^ Zk- □ 

Let us remind some facts about Chevalley groups. We use definitions and deno¬ 
tations from . 

Let $ be an indecompasable root system of rang I with the subsystem of simple 
roots A, |A| = 1. The elementary Chevalley group ^{F) of the type $ over the field 
F is a subgroup in the automorphism group of the simple Lie algebra C of the type 
$, which is generated by the elementary root elements Xa{t), a & t ^ F. The 
dimension of the Lie algebra C is equal to |<h| -|- |A| and therefore group *h(F) can 
be considered as a subgroup in the group of all (|<h| -|- |A|) x (|<h| -|- |A|) invertible 
matrices. 

In the elementary Chevalley group, we consider the following important elements 
na{t) = Xa{t)X-a{—t~^)Xa{t), ha{t) = ( —1), t G F*, a e $. 

For an arbitrary Chevalley group G of the type $ over the field F we have the 
following short exact sequence of groups 

1 ^ Z{G) -^G^ <F(F) ^ 1, 

where Z{G) is a center of the group G, and by the lemma [2] we are mostly interested 
in the study of the i?oo-property for elementary Chevalley groups. 

Detailed information on the automorphism group of Chevalley groups can be 
found in |l3l |3l] . Every Chevalley group has the following automorphisms 

1. Inner automorphism (pg, induced by the element g & G 

(fg-.x^ gxg~^. 

2. Diagonal automorphism iph 

(fh ■ X ^ 

where the element h can be presented as a diagonal (|<F| -|- |A|) x (|<F| -|- |A|) 
matrix. If F is an algebraically closed field then any diagonal automorphism 
is inner [121 Lemma 4]. 
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3. Field automorphism 5 

6 : X = {xij) !-)■ {6{xij)), 

where 6 is an automorphism of the field F. 

4. Graph automorphism p, which acts on the generators of the group G by the 
rule 

p : Xa{t) ^ Xp(„)(f), 

where p is a symmetry of Dynkin diagram. An order of the graph automor¬ 
phism is equal to 2 or to 3. 

Any field automorphism commutes with any graph automorphism. All the di¬ 
agonal automorphisms form a normal subgroup in the group which is generated by 
diagonal, graph and field automorphisms. 

Theorem of Steinberg says that for any automorphism ip of the elementary 
Chevalley group G = ^{F) there exists an inner automorphism ipg, a diagonal 
automorphism a graph automorphism p and a field automorphism 6 , such that 

P = pSphPg [SI]. 

3 Chevalley groups 

In this paragraph we extend the following result from |43l Theorem 1]. 

Theorem 1. Let G be a Chevalley group of the type $ over the field F of zero 
charaeteristic and the transcendence degree of F over Q is finite. Then 

1. If ^ is a root system of the type Ai{l > 7), Bi{l > 4), Eg, F 4 , G 2 , then G 
possesses the Roo-property. 

2. If the eguation = a can he solved in the field F for any element a, then G 
possesses the R^o-property in the case of the root systems Ai{l = 2,3,4, 5,6), 
Bi{l = 2,3), Gi{l > 3), Di{l > 4), Eq, Ft, where k is a positive integer from 
the table 


$ 

Ai 

Bi 

Gi 

Di 

Ee 

E 7 

k 

l + l 

2 

2 

2 

6 

2 


In particular, this theorem says that if F is an algebraically closed field of zero 
characteristic, such that the transcendence degree of F over Q is finite, then a 
Chevalley group of any normal type over the field F possesses the i?oo-property. 

Here we exclude the condition of solvability of equations from the second item 
of the theorem [U We prove the following result. 
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Theorem 2. Let G be a Chevalley group of the type $ over the field F of zero 
eharaeteristic. If the transcendence degree of F over Q is finite, then G possesses 
the Roo-property. 

Proof. Since G/Z{G) = ^{F) then by the lemma [2] it is snfficient to prove that 
the elementary Chevalley gronp $(T) possesses the i?oo-property. Consider that 
G = $(F). 

Let ns consider an arbitrary antomorphism (p of the gronp G and prove that the 
nnmber of yj-conjngacy classes is inhnite. By the theorem of Steinberg there exists an 
inner automorphism (pg, a diagonal automorphism (ph, a graph automorphism p and 
a field automorphism 6 , such that (p = fiSiph^Pg- By the lemma [T] the Reidemeister 
number R{(p) is infinite if and only if the Reidemeister number R{ipipg-i) is infinite, 
and we can consider that (p = p6(ph- 

Suppose that R{(p) < oo and consider the following elements of the group G 

Qi = hafiPii)hafipi2) ■ ■ ■ hafipii), i = 1,2,..., 

where pn < pi 2 < ■ ■ ■ < pu < P 2 i < P 22 < ■ ■ ■ are prime numbers. In the matrix 
representation the element has diagonal form 


Pi dtagi^a^]^, ^ 22 ? • • • 7 



for certain rational numbers a^, such that n{aij) 7 ^ 0 and n{aij) Cl v{ars) = 0 for 
i 7 ^ r since C (see [13]). 

Since R{p>) < 00 then there exists an infinite subset of p-conjugated elements 
in the set gi,g 2 ,.... Without loosing of generality we can consider that all the 
elements gi,g 2 ,... belong to the p-conjugacy class [gi]g> of the element gi. It means 
that there exists an infinite set of matrices ^ 2 ,^ 3 ,... from G such that 

gi = ZiPip^Z-^), z = 2,3,... 


Acting on this equalities by degrees of the automorphism p we have 

Pi = ZiPiipiZ-^), 
p{gi) = ip{Zi)ip{gi)ip‘^{Zr^), 

i = 2,3,... 


= cp^{Z,)cp^{gOp>%Z-^). 


If we multiply all of these equalities we conclude, that 


pipipi)... (p^{gi) = ZiPip^pi)... pfi{gi)p:^{Z^ ( 1 ) 
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Since the matrix gi has a diagonal form and the automorphism (ph acts as a conjuga¬ 
tion by the diagonal matrix then (phidi) = Qi- Since the matrix Qi has rational entries, 
then 6 {gi) = g^ and therefore ip{gi) = p{gi). If we denote g^ = gi(p{gi). ..(p^{gi) = 
9ipi9i) ■ ■■P^i9i) then 

9 i dtCig ^22 7 • • • : 5 t, • ^ , 'I f 7 ^7 • • • 

I 

since p permutes elements on the diagonal of the matrix g^. Moreover, v{bij) 7 ^ 0 
and vipij) n viprs) = 0 for i 7 ^ r, since I'ipij) C z/(aji) U • • • U z/(aj|$|). 

Since graph and held automorphisms commute and diagonal automorphisms 
form a normal subgroup in the group, which is generated by graph, held and 
diagonal automorphisms, then for a certain diagonal automorphism we have 

= {j)5(phY = Since an order of the automorphism p is equal to 2 or to 3, 

then p® = id and <p® = ■ Then the equality ([T]) can be rewritten 

Pi = Z{g,p\Z-p = Z{g,p~/{Z-p = Z,gM\z-ph-\ z = 2,3,... 

If we multiply this equality by the element h on the right and denote g^ 
then we have 

gi = Zig^{Z-p, i = 2,3,... 

From this equality we have 

'^{ZP = g^^Zigi, i = 2,3,... 

If we denote h = diag{ci, C 2 ,..., C|$|, 1,..., 1), then 

i 



9i — 9ih — diag{biiCi, bi2C2, ■ ■ ■, 6i|$|C|$|, 1,..., 1), 

i 


= 2,3,. 


Let Zi = 


Q^ 


S,. 


R, 


T, 


, where Qi = is a |$| x |$| matrix, Ri = (ri^rnn) is a 


|<F| X |A| matrix. Si = {si^mn) is a |A| x |<F| matrix, R = {ti^mn) is a |A| x |A| matrix. 
Then by the equality ([3]) for all m = 1,..., | $ |, n = 1,..., | <F | we have 


<5 {Qi,mn} ib\mCvri) binCnQi ,mn dirfinbinQi,r. 


z = 2,3,.... 


where dmn = Since vibiQ p 0 and iy{bin) fl v{bjn) = 0 for z 7 ^ j, then 

we can apply the lemma [5] to the set 92 ,mm 93 ,mn, ■ ■ ■ Therefore by the lemma [5] there 
exists a positive integer N^n, such that 9 i^mn = 0 for every i > N^n- 
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If we denote by N the value 


N = max Nmn, 

then for every i > n we have Qi = 0|$|x|<i>|- Using the same arguments to the 
matrices S 2 , S 3 ,... we conclude that for sufficiently large indexes i all the matrices 
Si are the matrices with zero entries only, and therefore the matrix Zi has the form 

y _ I 0|<I>|x|$| Ri 

* “ ^A|x|$| R 

The determinant of this matrix is equal to zero and it means that Zi can not belong 
to G. This contradiction proves the theorem. 

□ 

4 Linear algebraic groups 

If G is a linear algebraic group over an algebraically closed held, then it has a unique 
maximal solvable normal subgroup R{G), called the radical of G. A connected linear 
algebraic group G is called reductive if its radical is a torus, or, equivalently, if it 
can be decomposed G = G'T' with G' a semisimple group and T' a central torus 
[SH §6.5]. 

The quotient group G/R{G) has a trivial radical, i.e. is a semisimple group [301 
§19.5]. 

Theorem 3. Let F he such an algebraically closed field of zero characteristic that 
the transcendence degree of F overQ is finite. If the reductive linear algebraic group 
G over the field F has a nontrivial guotient group G/R{G), then G possesses the 
Roo-property. 

Proof. For the group G we have the following short exact sequence of groups 

1 ^ R{G) ^G^ G/R{G) 1, 

Since G is reductive, then the radical R{G) is a central torus and therefore is a 
characteristic subgroup of G. Hence by the lemma [2] it is sufficient to prove that 
the semisimple group G/R{G) possesses the i?oo-property and we can consider that 
G is a semisimple linear algebraic group. Since G is a semisimple linear algebraic 
group, then it is a product, with some amalgamation of (hnite) centers, of its simple 
subgroups Hi, H 2 ,..., [Ml §14.2] 

G = Hio---oHk. 
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Every simple linear algebraic group Hi is a Clievalley group of (normal) type over 
the field F. Factoring the group G by its center we have the following short exact 
sequence of groups 


1 ^ Z{Hi o---oHk) ^ Hio---oHk^ <hi(F) X • • ■ X ^ 1, 

where ^i{F) is an elementary Chevalley group of the type over the held F. Hence, 
by the lemma [2] we can consider that G = $i(-F) x • • • x <hfc(F) and prove that this 
group possesses the i?oo-property. Permute the groups <hi(F),..., ^k{F) so that all 
the groups with the same root system form blocks 


G = X ... <hi(F) X <h 2 (F) X ... <h 2 (F) x • • ■ x x ... d>^(F), 


ki 


k2 




where ki + k 2 + ■ ■ ■ + K = k. Denote Gj = ‘hi(-F) x ... <hi(-F). 

'-V-^ 

k{ 

Every group Gj is a characteristic subgroup of G = Gi x ■ • ■ x G^. It is obvious 
that if some group is a direct product of its characteristic subgroups and at least 
one of this subgroups possesses the -Roo-property then the group itself possesses the 
Roo-property. Therefore it is sufficient to prove that the group 

G = $(F) X ••• X <h(F) = ^F)^ 


possesses the i?oo-property. 

Every element g G G = ^(F)^ can be presented as a direct sum of k matrices 
gi,...,gk of the size (|<I)| + |A|) x (|<h| + |A|) each of which belongs to <h(-R). 

An automorphism group of G has the form 

Aut(G) = (Aut($(F)))'=XRfc, (4) 


where Sk is a permutation group on k symbols. 

To prove that the group G = <h(F)^ possesses the i?oo-property consider an 
arbitrary automorphism ip of the group G and prove that R{ip) = oo. By the 
equality (jl]) the automorphism ip can be written in the following form 

ip = (v7i,...,(y9fc,CT), 

where pi,... ,pk G Aut($(F)), a E Sk, and p acts on the group G by the rule 


p '. Xi (B X2 (B ' ' ' Q) Xk ^ Pl^ ® ¥^ 2 °" ( 2 ^ 2 °') © • • • ® Pk'^ {xk>^) , ( 5 ) 

where F denotes an image of i by the permutation a. 

Every automorphism pi G Aut(<I>(F)) can be presented as a product of the 
inner automorphism pg., the diagonal automorphism pf^, the graph automorphism 
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Pj and the field automorphism 5*. Since F is an algebraically closed field, then every 
diagonal automorphism iphi is inner m Lemma 4], hence for every i we can consider 
that ipi = Then the automorphism ip can be presented as a product of two 

automorphism 


^ (^xio- 5 ^X2<y 5 • • • 5 5 P2*^2) ■ ■ ■ ) Pk^ki i 

where , Px 2 'y ^ ■ i Pxk<T, id) is an inner automorphism. By the lemma d] we can 

consider that = p^6i and 


ip = (pi(5i,P 2<52, • •. ,Pfc4,cr)- 
Using the induction on r prove that 


: Pl © • • • © Pfc H- Aix^ar) © • • • © 'IpkiXf.r^r)^ ( 6 ) 

where ■ 

The basis of the induction (r = 1) is obvious (the equality ([5])). If we suppose 
that the equality ([ 6 ]) holds for some r, then 

(p'’+^(pi©---© 5 'fc) = {gi ® ■ ■ ■ ® 9k)) 

= - 01 - {X^,r + l )©•••© Pfc-V'fc- {X,^,r+1 ) . 

Note the equality (pi’r'ipitr = ip^^ip^^i ... (p.^r+i, what we wanted to prove. 

Consider the set of elements gi,g 2 ,... of the group ^{F) from the theorem [2] 

9i = KAPii)K2{Pi2) ■ ■ - i = 1,2,..., 

where pn < pi 2 < • ■ ■ < pi; < P 2 i < P 22 < • • • are prime integers. This elements are 
presented by the diagonal matrices 

gi diCLQ (uil, (li2 > • • • ) ; 1; • • • ; 1 ) ) i f) 2, . . . 

I 

where aij are rational numbers, such that i'{aij) 7 ^ 0 and i'{aij) fl ^{ars) = 0 for 
i ^ r. 

As we already shown in the theorem [2] for every automorphism (pj = 'Pjdj we 
have (pj(pi) = pj(pi). 

Let us consider the set of elements pi,P 2 ,... of the group G = <I)(F)^, where 
gi = gi® ■ ■ ■ ® gi- Then by the arguments above <p(pi) = 'Pi<y{gi) © • • • © 'pk<^{gi)- 
Suppose that R{(p) < 00 . Then there is an infinite subset of p-conjugated 
elements in the set pi,p 25 • • • • Without loosing of generality we can consider that 
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all the matrices gi,g2, ■ ■ ■ belong to the 93-conjugacy class [gi]ip of the element gi. 
Then for certain matrices ^2,^3,... we have 

gi = Zigi^{Z-^), i = 2 , 3 ,... 

Denote by s an order of the permutation a and act on this equality by the degrees 
of the automorphism (p 

gi = Zigi(p{Z-^) 
ip(gi) = ip(Zi)(p(gi)(p^(Z-^) 


If we multiply all of these equalities, we obtain the equality 

9M9i)^‘^{9i) ■ ■ ■ ^^'~\9i) = Zigi(p{gi)ip‘^{gi)... (f^"-\gi)ip^"{Z-^). (7) 

The element gi(p{gi)ip‘^(gi)... y:>^^~^{'gi) can be rewritten in details 

9M9i)^\9i) ■ ■■^^'~\9i) = 

= (gi®-- ■ ® gi)ipi-i9i) ® • • • ® Pfc-(5'i)) • • • (Pia 6 o-i (s'*) © • • ■®p^.6s-i{gi)) = 

PiPl'^ iPi) ■ ■ ■ Pia-Ss-l © • • • © giPf^ty {gi) ■ ■ ■ Pj^a-^”-^ {pi)) 9il ® ' ' ' ® Piki 
where gij = gipj.{gi )... pj^es-i {gi). 

Since every graph automorphism permutes elements on the diagonal of the 
matrix g^ then for every j = 1, ..., fc, i = 1, 2 , ... we have 

gij ^^^g {^ijli ^ij2i • • • : |‘I’|: : (^) 

I 

where, ^{hijr) 7 ^ 0 and iy{bijr) H ^{huvw) = 0 for i ^ u since ^{bijr) ® {pii,... ,Pii}. 

By the equality ([6]) we have (p^ = {'ipi,'ip 2 , ■ ■ ■ y'i’kjid), where ipi = ip ip .^2 ... . 

Since all the automorphisms (pi, (p 2 ,... ,pk are the products of graph and held au¬ 
tomorphism (pi = Pibi) and graph and held automorphisms commute then every 
automorphism ipi is a product of graph and held automorphisms tjji = for certain 
6i. Therefore 

^ 6 ^ = = (^ 1 ^ 1 ,... ^df = {tit ,... tA, id) = {t.... t, ^d) 

Using this fact, denoting the matrix Zi — Zii © • • • © Zjfc projecting the equality ([7]) 
to the hrst group ^{F) we obtain the equality 

gn = Ziigii6i{Zii), i = 2, 3,... 
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This equality is the same as the equality ([2]) from the theorem |2j Using the same 
arguments as in the theorem [2] we conclude that for sufficiently large coefficient N 
the matrix is degenerated and therefore the matrix is degenerated but it 
contradicts to the fact that belongs to G. □ 

We use the fact that the group G is a reductive linear algebraic group in order 
to say that the radical R{G) is a characteristic subgroup of G. Even the theorem 
[3] holds for every connected linear algebraic group such that the radical R{G) is a 
characteristic. For example, if any automorphism of the group G is a morphism of 
the group G (as of an affine manifold) then the radical R{G) is characteristic [5X1 
Theorem 7.1(c)] and the theorem [3] holds for such groups. 


5 Finite Reidemeister number in linear groups 

Following |46| . we define the Reidemeister spectrum of G as 

Specie) = {i?((p) I (p G Aut(G)}. 

In particular, G possesses the i?oo-property if and only if S'pec(G) = {cxo}. 

It is easy to see that S'pec(Z) = {2} U {c)o}, and, for n > 2, the spectrum 
of IR is full, i.e. SpecilR) = N U {cc}. For free nilpotent groups we have the 
following: S'pec(A' 22 ) = 2hlU{oo} (iV 22 is the discrete Heisenberg group) [36111111IT6] . 
Spec{N23) = {2fc^ I /c e M} U {cxd} |16] and Spec{Ns2) = {2fc — 1 | fc G M} U { 4 /c | k G 
N} U {cxd} [45] . 

Recently, in [3| it was proven that the group Wc (^ > 1) admits an automorphism 
with finite Reidemeister number if and only if c < 2r. 

In [23], examples of polycyclic non-virtually nilpotent groups which admit auto¬ 
morphisms with finite Reidemeister numbers have been described. In this examples 
G is a semidirect product of and Z by Anosov automorphism defined by the 
matrix ^ ^ ^ The group G is solvable and of the exponential growth. The auto¬ 

morphism (p with finite Reidemeister number is defined by ^ g ^ on Z^ and as 
—id on Z. 

Metabelian (therefore, solvable) finitely generated, non-polycyclic groups have 
quite interesting Reidemeister spectrum US]: for example, if the homomorphism 

6 ^ : Z —)■ Aut(Z[l/p]^) is such that 0(1) = (^ o s j ; then we have the following 
cases: 

a) If r = s = ±1 then S'pec(Z[l/p]^ xi^ Z) = {2n | n G M, (n,p) = 1} U {oo}, 
where (n, p) denote the greatest common divisor of n and p. 

b) If r = —s = ±1 then S'pec(Z[l/p]^ xig Z) = {2p\p^ ± 1), 4p* | /, fc > 0} U {oo}. 
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c) If rs = 1 and |r| 7 ^ 1 then S'pec(Z[l/p]^ xi^ Z) = {2(p' ± 1),4 | / > 0} U {cxd}. 

d) If either r or s does not equal to ±1, and rs ^ 1 then Spec{Z[l/Xg Z) = 
{ 00 }. 

In the paper [32] Jabara proved that if residually hnite group G admits an auto¬ 
morphism of prime order p with hnite Reidemeister number, then G is virtually 
nilpotent group of class bounded by a function of p. 

From another side, we have described in an Introduction a lot of classes of non- 
solvable, hnitely generated, residually hnite groups which have the Roo-property. All 
together was a motivation for the following conjecture 

Conjecture R (A. Fel’shtyn, E. Troitsky [181 Conjecture Rj) Every inh- 
nite, residually hnite, hnitely generated group either possesses the i?oo-property or 
is a virtually solvable group. 

Here we study this question for inhnite linear groups. 

Proposition 1. Let G be a reductive linear algebraic over the field F of zero char¬ 
acteristic and finite transcendence degree over Q. If G possesses an automorphism 
if with finite Reidemeister number then G is a torus. 

Proof Since G possesses an automorphism p with hnite Reidemeister number, 
then by the theorem [31 it has trivial quotient group G/R{G), therefore G = R{G) 
and hence G is a central torus (therefore, is solvable). □ 

6 Groups with property Sqq 

Suppose that 4/ G Out(G) = Aut(G)/Inn(G). Let ©(4/) be the set of isogredience 
classes of 'L. Then ©(Id) can be identihed with the set of conjugacy classes of 
G/Z{G) (see [T 8 ]j. 

The dehnition of the similarity (isogredience) from Introduction goes back to 
Jacob Nielsen. He observed (see [33]) that conjugate lifting of homeomorphism of 
surface have similar dynamical properties. This led Nielsen to the dehnition of the 
isogredience of liftings in this case. Later Reidemeister and Wecken succeeded in 
generalizing the theory to continuous maps of compact polyhedra (see |33 ) ). 

The set of isogredience classes of automorphisms representing a given outer auto¬ 
morphism and the notion of index Ind(\[') dehned via the set of isogredience classes 
are strongly related to important structural properties of T (see USD- 

One of the main results of |38) is that for any non-elementary hyperbolic group 
and any T the set ©(T) is inhnite, i. e. ^(T) = 00 . Thus, this result says: any 
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non-elementary hyperbolic group is an Soo-group. On the other hand, hnite and 
hnitely generated Abelian groups are evidently non Soo-groups. 

Two representatives of T have the forms 93 ^ 0 , (pga for some s,q E G and fixed 
a G T. They are isogredient if and only if 

(PgCl (Pg(PgQ,(Pg iPgipgipQ^(^g-l'j(l, 

^q = Vgsa(g-^), q = gsa{g~^)c, ceZ{G) 

(see [Ml P- 512]). So, the following statement is proved. 

Lemma 6. JTR Lemma 3.3] Let 93 G he an automorphism of the group G and Tp 
be an automorphism of the group G/Z{G) which is induced by ip. Then the number 
S'(\l') is equal to the number ofTp-conjugacy classes in the group G/Z{G). 

Since Z{G) is a characteristic subgroup, we obtain the following statement 

Theorem 4. JTR Theorem 3.4] Suppose, \Z{G)\ < 00 . Then G is an Roo-group if 
and only if G is an Soo-group. 

A more advanced example of a non Soo-group is the Osin’s group |15]. This is a 
non-residually hnite exponential growth group with two conjugacy classes. Since it 
is simple, it is not Soo group (see |T8]h 

Theorem 5. Let F be such an algebraically closed field of zero characteristic that 
the transcendence degree of F overQ is finite. If the reductive linear algebraic group 
G over the field F has a nontrivial quotient group G/R{G), then G possesses the 
S 00 -property. 

Proof. Since R{G) is a characteristic subgroup of G then by the lemma [3] it is 
sufficient to prove the theorem for semisimple group G/R{G). The result follows 
immediately from the theoremOand the theoremlHand from the fact that semisimple 
linear algebraic group has hnite center. □ 

Proposition 2. Let G be a reductive linear algebraic group over the field F of 
zero characteristic and finite transcendence degree over Q. If G possesses an outer 
automorphism 4' with finite number S'(\&) then G is a torus. 

Proof Since G possesses an outer automorphism T with hnite number ^(T), 
then by the theorem O it has a trivial quotient G/R{G), therefore G = R{G) and 
is a central torus. □ 

The conjecture of Fel’shtyn and Troitsky from the section 5 can be rewritten in 
terms of S'oo-property by the following way. 
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Conjecture S Every infinite, residually finite, finitely generated group either pos¬ 
sesses the Soo-property or is a virtually solvable group. 

Really, if S'(</9lnn(G)) < cx3 for some automorphism ip G Aut(G) then by the 
lemma E] we have Rijp) < oo, where ip is an automorphism of the group G/Z{G) 
induced by ip. Since G is residually hnite hnitely generated group, then G/Z{G) is 
also hnitely generated and residually hnite and by the conjecture R is a virtually 
solvable group. 

It means that there exists a solvable subgroup H < G/Z{G) of hnite index. Let 
n be a derived length of H, i. e. Lf " = 1. Let iL be a preimage of H under 
the canonical homomorphism G —)■ G/Z{G). Then < Z{G) and = 1, 

therefore iL is a solvable group. Since G/iL~ {G/Z(G))/{H/Z(G)) = {G/Z{G))/H, 
then the index of if in G is equal to the index of H in G/Z{G), i. e. is hnite, therefore 
G is solvable by hnite. 

We have proven in all that [T8l Conjecture S] can be formulated without the 
restriction that the group under consideration has hnite center. 


17 


References 


[1] J. Arthur, L. Clozel, Simple algebras, base change, and the advanced theory of the trace 
formula. Princeton University Press, Princeton, NJ, 1989. 

[2] C. Bleak, A. Fel’shtyn, D. Goncjalves, Twisted conjugaey elasses in R. Thompson’s group 
F, Pacific J. Math. V. 238, N. 1, 2008, 1-6. 

[3] J. Burillo, F. Matucci, E. Ventura, The conjugaey problem in extensions of Thompson’s 
group F, arXiv:math.GR/1307.6750. 

[4] R. Garter, Simple groups of Lie type, Wiley, London et al, 1989. 

[5] K. Dekimpe, D. Goncjalves, The Roo property for free groups, free nilpotent groups and free 
solvable groups, Bull. London Math. Soc., V. 46, N. 4, 2014, 737-746. 

[6] K. Dekimpe, P. Penninckx, The finiteness of the Reidemeister number of morphisms between 
almost-crystallographie groups, J. Fixed Point Theory AppL, V. 9, N. 2, 2011, 257-283. 

[7] A. Fel’shtyn, Dynamical zeta functions, Nielsen theory and Reidemeister torsion, Mem. 
Amer. Math. Soc., V. 147, N. 699, xii+146, 2000. 

[8] A. Fel’shtyn, The Reidemeister number of any automorphism of a Gromov hyperbolic group 
is infinite. Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI), V. 279, N. 6 
(Geom. i Topol.), 2001, 229-240, 250. 

[9] A. Fel’shtyn, R. Hill, The Reidemeister zeta function with applications to Nielsen theory 
and a connection with Reidemeister torsion, A-Theory, V. 8, N. 4, 1994, 367-393. 

[10] A. Fel’shtyn, F. Indukaev, and E. Troitsky, Twisted Burnside theorem for two-step 
torsion-free nilpotent groups. In C*-algebras and elliptic theory. II, Trends in Math., pages 
87-101. Birkhauser, 2008. 

[11] A. Fel’shtyn, Yu. Leonov, E. Troitsky, Twisted conjugaey classes in saturated weakly 
branch groups, Geometriae Dedicata, V. 134, 2008, 61-73. 

[12] A. Fel’shtyn, New directions in Nielsen-Reidemeister theory. Topology AppL, V. 157, N. 10- 
11, 2010, 1724-1735. 

[13] A. Fel’shtyn, D. Goncjalves, The Reidemeister number of any automorphism of a 
Baumslag-Solitar group is infinite, Geometry and dynamics of groups and spaces, Progr. Math., 
V. 265, 399-414. 

[14] A. Fel’shtyn, D. Goncjalves, Twisted conjugaey classes in symplectic groups, mapping 
class groups and braid groups, Geom. Dedicata, V. 146, 2010, 211-223, With an appendix 
written jointly with Francois Dahmani. 

]15] A. Fel’shtyn, D. Goncjalves, Reidemeister spectrum for metabelian groups of the form 
Q" X Z and Z[l/p]” x Z, p prime, Internat. J. Algebra Comput., V. 21, N. 3, 2011, 505-520. 

]16] A. Fel’shtyn, E. Troitsky, Twisted Burnside-Frohenius theory for discrete groups, J. reine 
angew. Math., V. 614, 2007, 193-210. 

]17] A. Fel’shtyn, E. Troitsky, Twisted conjugaey classes in residually finite groups, 
arXiv:math.GR/1204.3175 

[18] A. Fel’shtyn, E. Troitsky, Three faces of Roo, Preprint MPIM 2014-28, Max Planck 
Institute for Mathematics, Bonn, 2014. 


18 



[19] Damien Gaboriau, Andre Jaeger, Gilbert Levitt, and Martin Lustig, An index 
for counting fixed points of automorphisms of free groups. Duke Math. J. 93, No. 3, 425-452, 
1998. 

[20] F. Gantmacher, Canonical representation of automorphisms of a eomplex semi-simple Lie 
group, Rec. Math. (Moscou), V. 47, N. 5, 1939, 101-146. 

]21] D. Goncalves, P. Sankaran, Twisted conjuqaey in Richard Thompson’s group T, 
arXiv:math.GR/1309.2875. 

[22] D. Goncjalves, P. Sankaran, Sigma theory and twisted eonjugacy-II: Houghton’s groups 
and pure symmetric automorphism groups, arXiv:math.GR/1412.8048. 

[23] D. Gonsalves, D. Hristova-Kochloukova, Sigma theory and twisted eonjugacy elasses, 
Pacific J. Math., V. 247, N. 2, 2010, 335-352. 

[24] D. Gonsalves and P. Wong, Twisted eonjugacy classes in exponential growth groups. 
Bull. London Math. Soc. 35, No. 2, 261-268, 2003. 

[25] D. Gonsalves, P. Wong, Twisted conjugaey classes in wreath products, Internal. J. Algebra 
Comput., V. 16, N. 5, 2006, 875-886. 

[26] D. Goncjalves, P. Wong, Twisted eonjugacy classes in nilpotent groups, J. Reine Angew. 
Math., V. 633, 2009, 11-27. 

[27] R. Grigorchuk, On Burnside’s problem on periodic groups. Fund. Anal. AppL, V. 14, 
1980, 41-43. 

[28] A. Grothendieck, Formules de Nielsen-Weeken et de Lefschetz en geometric algebrique, 
In Seminaire de Geometrie Algebrique du Bois-Marie, 1965-66. SGA 5, V. 569 of Lecture Notes 
in Math., 407-441. Springer-Verlag, Berlin, 1977. 

[29] N. Gupta and S. Sidki, On the Burnside problem for periodic groups, Math. Z., V. 182, 
1983, 385-388. 

[30] J. Humphreys, Linear algebraic groups. Springer-Verlag, New-York-Berlin, 1975. 

[31] J. Humphreys, On the automorphisms of infinite Ghevalley groups, Can. J. Math., V. 21, 
N. 4, 1969, 606-615. 

[32] E. Jabara, Automorphisms with finite Reidemeister number in residually finite groups, J. Al¬ 
gebra, V. 320, 2008, 3671-3679. 

[33] B. Jiang, Lectures on Nielsen Fixed Point Theory, V. 14 of Contemp. Math. Amer. Math. 
Soc., Providence, RI, 1983. 

[34] J. H. Jo, J. B. Lee, S. R. Lee, The i?oo property for Houghton’s groups, 
arXiv:math.GR/1412.8767. 

[35] A. JuHASZ, Twisted eonjugacy in certain Artin groups, Ischia Group Theory, 2010, eProceed- 
ings. World Scientific, 2011, 175-195. 

[36] F. K. Indukaev, The twisted Burnside theory for the discrete Heisenberg group and for the 
wreath products of some groups. Vestnik Moskov. Univ. Ser. I Mat. Mekh. , No. 6, 9-17, 71, 
2007, translation in Moscow Univ. Math. Bull. 62 (2007), no. 6, 219-227. 

[37] G. Levitt, On the automorphism group of generalised Baumslag-Solitar groups, Geom. 
Topol, V. 11, 2007, 473-515. 


19 



[38] G. Levitt and M. Lustig, Most automorphisms of a hyperbolic group have very simple 
dynamies., Ann. Scient. Ec. Norm. Sup., V. 33, 2000, 507-517. 

[39] R. Lutowski, A. Szczepanski, Holonomy groups of flat manifolds with R^o property^ 
arXiv:math.GR/1104.5661. 

]40] T. Mubeena, P. Sankaran, Twisted conjugaey elasses in abelian extensions of eertain 
linear groups, Canadian Mathematical Bulletin, V. 57, 2014, 132-140. 

]41] T. Mubeena and P. Sankaran, Twisted conjugaey classes in lattices in semisimple lie 
groups, Transformation Groups, V. 19, N. 1, 2014, 159-169. 

]42] T. Nasybullov, Twisted conjugaey classes in general and svecial linear groups. Algebra and 
Logic, V. 51, N. 3, 2012, 220-231. 

]43] T. Nasybullov, Twisted conjugaey classes in Chevalley groups. Algebra and Logic, V. 53, 
N. 6, 2015, 481-501. 

[44] A. Onishchik, E. Vinberg, Lie groups and algebraic groups, Springer Series in Soviet 
Mathematics. Springer-Verlag, Berlin, 1990. Translated from the Russian and with a preface 
by D. A. Leites. 

[45] D. Osin, Small cancellations over relatively hyperbolic groups and embedding theorems, Ann. 
of Math., V. 172, N. 1, 2010, 1-39. 

]46] V. Roman’kov, Twisted conjugaey classes in nilpotent groups, J. Pure Appl. Algebra, V. 215, 
N. 4, 2011, 664-671. 

[47] G. Seitz, Topics in the theory of algebraic groups, Group Representation Theory, EPFL 
Press, CRS Press Taylor & Francisc Groups, 2007. 

]48] J. Serre, Galois cohomology. Springer Monographs in Mathematics, Springer-Verlag, 2002. 

]49] S. Shokranian, The Selberg-Arthur trace formula, V. 1503 of Lecture Notes in Mathematics. 
Springer-Verlag, Berlin, 1992. Based on lectures by James Arthur. 

[50] T. Springer, Twisted conjugaey in simply connected groups. Transform. Groups, V. 11, N. 3, 
2006, 539-545. 

[51] R. Steinberg, Endomorphisms of Linear Algebraic Groups, Memoirs of AMS, V. 80, 1968. 

]52] J. Taback, P. Wong, Twisted conjugaey and quasi-isometry invariance for generalized solv¬ 
able Baumslag-Solitar groups, J. Lond. Math. Soc., V. 75, N. 3, 2007, 705-717. 

iNSTYTUT Matematyki, Uniwersytet Szgzecinski, ul. Wielkopolska 15, 70-451 Szczecin, 

Poland 

E-mail address: fels@wmf.univ.szczecin.pl 

Sobolev Institute of mathematics, ak. Koptyug avenue 4, 630090, Novosibirsk, Rus¬ 
sia 

E-mail address: ntr@math.nsc.ru, timur.nasybullov@mail.ru 


20 



